Quantum transport in mesoscopic conductors is essentially governed by the laws of quantum mechanics. One of the major open questions of quantum mechanics is what happens if non-commuting observables are measured simultaneously. Since current operators at different times do not commute, the high-frequency correlation functions of the current are realization of this fundamental quantum question. We formulate this problem in the context of measurements of finite-frequency current cumulants in a general quantum point contact, which are the subject to ongoing experimental effort. To this end, we present two models of detectors that correspond to a weak time-resolved measurement of the electronic current in a mesoscopic junction. In both cases, the backaction of the detector leads to observable corrections to the current correlations functions involving the so-called noise susceptibilities. As a result, we propose a reinterpretation of environmental corrections to the finite-frequency cumulants as inevitable effect resulting from basic quantum mechanical principles. Finally we make concrete predictions for the temperature-, voltage-, and frequency-dependence of the third cumulant, which could be verified directly using current experimental techniques.
I. INTRODUCTION
Since the advent of mesoscopic physics, the quantum mechanical properties of charge transport in conductors are under intensive research. Most manifestations to date are concerned with properties following from the quantum mechanical wave nature.
1 More recently the quantum mechanics of the electron spin has been investigated in electron transport.
2 On the other hand, the aspect of measurement has attracted less attention so far in quantum transport. This is surprising in view of it's eminent importance for the fundamental difference to classical physics.
3
The electronic transport through mesoscopic junctions is quite well described by independent electrons. 4 Due to the Landauer formula, the conductance can be expressed in terms of the single-particle scattering matrix and the level occupations of the leads. The same scattering matrix can describe low-frequency current noise.
4 Experimentally, the scattering description has been confirmed in the case of low frequency noise 5 a while ago. It is remarkable, that the same scattering matrix also describes higher order correlation functions of currentleading to the so-called full counting statistics (FCS). 6 These results have been confirmed for the third cumulant of tunnel junctions only, so far. 8, 9 However, a proper account of the first experiments showed that the measured third cumulant was governed by an environmental contribution.
10
In the last years it has also been realized, that the measurement of the quantum noise depends in an essential way on the detection scheme. 11 To understand this, one considers different Fourier transform of the currentcurrent correlation function C(t, t ′ ) = Î (t)Î(t ′ ) . It turns out that the unsymmetrized correlators C(ω) = dτ C(0, τ ) exp(±iωτ ) are related to absorption or emission of an energy quantum ω, respectively, and can therefore be measured in a corresponding detector. On the other hand, a classical detector measures always the real combination C(ω) + C(−ω), corresponding to the anti-commutator of the current operators. The high frequency noise has been also tested experimentally.
12-14
The results are in full agreement with the scattering theory of non-interacting quasiparticles in mesoscopic conductors.
From the above it is clear that a time-resolved detection of the quantum mechanical current in a quantum transport process has to properly account for the quantum rules for measurements. This is not so much an experimental question -since experimentalists automatically obey the rules of quantum mechanics -rather, the proper treatment of a quantum measurement represents a challenge to theorists, who have to worry, which expectation values are actually measurable. Hence, the extension of full counting statistics to time-resolved (highfrequency) correlations requires first a proper definition in terms of projective measurement.
3 Qualitatively, one can distinguish two extremes. A continuous projective measurement would lead up in suppression of the dynamics of the system -a phenomenon known as quantum Zeno effect. 15 To avoid the Zeno effect it is necessary to include the detector's degrees of freedom into the complete evolution. Some effects of the detector backaction have been addressed already in the literature. [16] [17] [18] [19] However, instead of including a specific detector's dynamics one can restrict the treatment to the system only by replacing the projection by so-called Kraus operators. 20 These define a positive operator-valued measure (POVM) 21 and by virtue of Naimark's theorem the two methods are equivalent 22 as long as initially the detector and the system are uncorrelated. 23 Once we have established the detection model we can again express current correlations of arbitrary order in terms of the single-particle scattering matrix. However, it turns out that a simple evaluation of these averages quickly leads to very complicated and cumbersome ex-pressions. Nevertheless, the demanding task necessary to analyze the generating functional leads to interesting analytic results for the frequency-dependent cumulants and the full counting statistics. [24] [25] [26] Below, we will provide a simplified framework, which allows to evaluate correlators of arbitrary order in an efficient way.
An important recent development is that the third cumulant has been measured at high frequency. 27 These quite remarkable results show interesting quantum features at eV = ω. However, most of this feature can be explained by environmental effects due to a series impedance. These result in a mixing of the thirdorder correlator with the noise susceptibilities due to the frequency-dependent backaction of an environmental impedance. After fitting the spurious contribution, the resulting third cumulant of the considered tunnel junction shows no frequency dispersion at all. This is in perfect accordance with the theory, which predicts in fact a dispersionless third cumulant in the case of a tunnel junction. 24 However, it is most likely just a question of time until the third cumulant for a mesoscopic conductor with non-opaque channel is measured. Hence, for these experiments it is vital to distinguish the environmental contribution from the quantum mechanical backaction of the detector.
Our findings can be summarized in two main achievements. On one hand, most of the article is devoted to the development of concrete models of mesoscopic detectors of high-frequency current-detection. The interplay between the quantum mechanical projection and backaction plays here a major role and we clarify below, how this can or cannot be distinguished from the environmental effect. On the other hand, we present an efficient method to calculate higher order correlation functions of the current in mesoscopic junctions. This allows us to present several results for the third cumulant and the noise susceptibility in a unified and transparent manner. The method can be the basis for an efficient evaluation of fourth and higher order correlators, which is important for example in photon counting statistics.
28,29
In the main body of the article we are going to construct a model of a projective time-resolved measurement of the current in a mesoscopic conductor. We present two possibilities. One is to define a POVM, which corresponds to a weak measurement of the current in a quantum point contact. This phenomenological and very simple approach has the appeal that the competition between projection and weak measurement is qualitatively reflected. However, a concrete physical realization is difficult to find. Another possibility is based on a physical model of a detector, which we call quantum tape. Our detector will be a massless bosonic field described by charge density and current operators, parametrized by a one-dimensional variable. It is equivalent to the noninteracting Schwinger-Tomonaga-Luttinger model of a one-dimensional fermionic field. 30 Equivalently the detector can be thought of as a transmission line, which is described by the same Hamiltonian. This detector model is actually a massless version of a Josephson transmission line detector. 18 The field can be decomposed into left and right going components with a constant velocity. In this way, the spatial coordinate of the detector, which is coupled to the system only at one point in space, corresponds effectively to a time-coordinate. The information registered by the detector is moved away from the system due to the internal dynamics of the detector. Finally a spatially resolved strong projection is applied to the detector at one instant of time, and the result can be translated into the temporal current profile. The projection can be made on one or both ends of the tape due to its bidirectional information transfer. The results always depend on the detection scheme. In the limit of weak coupling the detector's contribution is only a large Gaussian offset noise, independent of the measured system. 31 Accordingly, the influence of the backaction of the detector onto the system is also weak but always present.
The secondary goal of the present article is to develop a compact method to calculate arbitrary cumulants of current operators in a junction with energy-independent transmission. To this end, we set up a current algebra, which is especially suited for non-equilibrium scattering problems. This becomes necessary, when considering different orderings of higher-order correlators at finite frequency. A straightforward evaluation using the scattering states is possible, but becomes in general very cumbersome. Introducing an algebra for certain current operators of a quantum point contact greatly simplifies this calculation and will therefore be useful also in other context, hopefully. In the respective limits, our results are, of course, in agreement with existing results.
The paper is organized as follows. We begin with the description of the mesoscopic junction in Sec. II, together with an overview of necessary mathematical tools. In Sec. III we present the POVM detection model and extend it to many detectors. In this model, we are able to derive also some higher cumulants of current in the limit of weak coupling between the detector and the system. In certain limits (weak transmission or reflection) one can find the complete FCS generating functional. Finally in Sec. IV, we present a strictly projective measurement model -the quantum tape, which gives results similar to the POVM. Many useful but lengthy mathematical details are moved to appendices.
II. MESOSCOPIC JUNCTION
The junction is defined as constriction in a two dimensional electron gas, which is narrow in the y-direction and relatively long in the x-direction. We assume no electron-electron interactions and no magnetic field. The Hamiltonian of the system readŝ
The fermionic operators satisfy standard anticommutation relations
The external potential splits into three parts
where V x is the scattering potential, V y is the effect of the constriction and V is the time-dependent bias potential. The scattering potential is assumed to be nonzero only in a small interval around the center of the constriction while V y grows to infinity with |y| → ∞. We have the total current operator in x direction
In absence of a bias voltage, the Hamiltonian can be diagonalized in the space of scattering states described by fermionic operatorsψ k,n (x) with the channel quantum number including the electron spinn = (n, σ). Far from the region V x = 0, we havê
Here we distinguish between the normalized transversal mode wavefunction ψ n and the mode operatorψ k,n , k is the longitudinal wave vector,r n andt n are reflection and transmission scattering amplitudes, respectively. Due to unitarity, transmission T n = |t n | 2 and reflection coefficient R n = |r n | 2 satisfy R n + T n = 1. We assume that the junction is long enough to treat k as a continuous parameter. The transverse mode index n is kept as discrete. The energy has the structure E = E n + 2 k 2 /2m, where E n is for the transversal part.
A. Expansion around Fermi level
We are interested only in phenomena in a narrow part of the electron band around Fermi level E F .
4 In particular, we assume k B T, eV, |ω| ≪ E F . We also neglect the exact structure of wavefunctions in the region V x = 0 and take only asymptotic states, like in (5). We denote Fermi wave numbers k n = 2m(E F − E n )/ and Fermi velocities v n = k n /m. Only modes with E n < E F contribute at zero temperature.
We construct an extended Hilbert space consisting of left and right going states, L and R, respectively. The relation between operators in the reduced and standard space iŝ
In fact, only k ∼ −k n and k ∼ k n play a role for L and R, respectively. The actual dynamics of states deep below or above the Fermi sea can be ignored and its only reminder will be some ultraviolet regularization or cutoff.
The new operators satisfy anticommutation relations
for A, B = L, R.
With help of the above stated approximations, we can writeĤ in the new space aŝ
(9) It is necessary to regularize the second term in Eq. (8) to define the transmission and the reflection coefficients, T n = cos 2 (q n / ) and R n = sin 2 (q n / ), respectively (see the discussion in the appendix A).
The current operator (5) in the new basis is replaced byÎ
As we will later see, it is disadvantegous to operate directly with the field operators. To circumvent this it is possible to introduce bosonic operators (viz. quadratic forms of Fermion operators) and to develop a closed algebra for those. Since current operators are generally non-commuting, we have to cope with their algebra. To this end, we introduce the following auxiliary operatorŝ
with x n = x/v n . Note that x n has the unit of time. It will be more convenient for us than length units. The Hamiltonian (8) can be now written aŝ
The current takes the form
(13) Using arguments similar to bosonization 30 (see appendix A), we get the following commutation rule
with ǫ jkl equal +1 for jkl = 123, 231, 312, −1 for jkl = 321, 213, 132 and zero otherwise. The last useful commutator is
and one can in principle writê
The currentÎ 0 corresponds to the total charge changes in the leads. It is preserved due to absence of capacitive effects and behaves like a free bosonic field. Without the scattering termÎ 3 in (12) only the first term in (14) needs to be considered in the dynamics, since onlyÎ 0 andÎ 1 are dynamical variables. The system could be fully bosonized and all correlation functions can be calculated. A nonvanishing scattering retains some fermionic features due to the commutator [Î 1 ,Î 3 ]. As a consequence the fluctuations become non-Gaussian.
B. Equilibrium averages
Far from the junction and without bias potential, we can write the initial density matrix aŝ
The commutator (15) gives the useful relation
A similar relation has been introduced in Ref. 32 . For convenience we rewrite the previous equation and the relations (14) in the frequency domain for the operatorŝ
From now on, a Greek argument will always denote the Fourier-transformed operators. The current algebra reads now
Eq. (18) reproduces the fluctuation-dissipation theorem
With the above derived tools it is now straightforward to calculate equilibrium averages. As examples we obtain
where we introduced
We note that w(s = 0) is singular and all practical calculations need a proper regularization around s = 0. This can for example be an ultraviolet cutoff of the order of the Fermi energy in the frequency domain.
C. Heisenberg equations
To generalize the previous method to a nonequilibrium situation, it is necessary to solve the Heisenberg equations for the various current operators we have introduced. It is a major advantage of the current algebra, we have introduced, that this can be done exactly. From now on, we switch to Heisenberg picture, so all operators will be transformed as
Here the∂ t denotes explicit time dependence of the operator. Remarkable, the Heisenberg equations can be solved completely for the operatorsÎ jn . The details are described in the appendix B and in the following we merely present the results. To distinguish between time and spatial coordinate (which has the same unit, when divided by Fermi velocity) we will denote byÂ(s, t) an operator at position s and time t. We assume an arbitrarily time-dependent bias potential V (x, t) = θ(−x)V (t) and neglect some regularization issues around x = 0 and x → −∞, which can of course be properly handled using the procedures mentioned previously. We find for the Heisenberg operatorŝ
and
Similar expressions can be obtained forÎ 2n (s, t) and I 3n (s, t) and are presented in the appendix B. The big advantage of the above equations is that the Heisenberg current operators are represented by linear combinations of equilibrium operators. Hence, their averages are straightforwardly obtained using the results of the previous subsection. We conclude this section by emphasizing the main results we have obtained so far. The calculation of higher order cumulants of the current in a mesoscopic junction using the standard scattering approach is quite a demanding task. This is true in particular at finite frequency, when operator ordering issues become even more prominent. The method, we have developed in this section builds in an elegant way on a very simple algebra of current operators (interestingly resembling the usual angular momentum algebra). Our method allows to obtain in a relatively straightforward manner arbitrarily ordered current cumulants of (almost) any order.
III. THE MEASUREMENT -POVM
We now turn to the main topic of the article, how the current correlators at high frequencies can be measured and how the measurement protocol itself influences the measurement. We will first treat the measurement on a phenomenological basis using the so-called positive operator-valued measure (POVM). In this formalism, the measurement is described by Kraus operators, 20 which we phenomenologically assume to have the form
Here T denotes time ordering and
is current operator averaged over a spatial region near the point x R > 0. By virtue of Naimark's theorem 22 , the completeness relation DIK † [I]K[I] = 1 is sufficient to guarantee that the measurement corresponds to a usual projective measurement in some extended Hilbert space including the detector.
Additionally, we assume as usual that the detector and the system are initially uncorrelated. 23 The spatial resolution is taken into account by a convolution function g(x) = e −x 2 /2∆x 2 / √ 2π∆x, which is parametrized by the spatial sensitivity ∆x. To ensure, that the current on one side of the junction is measured, we also take ∆x ≪ x R . The Kraus operator contains the parameter τ , which plays the role of a measurement sensitivity. Varying τ , the measurement changes from a weak, but nondemolishing measurement in the limit τ → 0 to a strong projective measurement for τ → ∞, which however yields not the expected result due to a large disturbing noise of the detector. For practical reasons, we convert distances into times, namely, τ n = ∆x/v n and t n = x R /v n . The physical meaning of τ n is therefore the time, which an electron in the lead in channel n effectively interacts with the detector. On the other hand, t n is related to the time-of-flight between the scatterer and the detector.
The probability density of a given time trace for the current is given by a POVM
The generating functional is defined as
where the average is defined as
Using the Kraus operators, one obtains for the generating functional
where S[χ, φ] is the standard Keldysh functional, defined as
The measure Dφ is scaled to keep S[χ ≡ 0] = 0.
To calculate averages we need the transformations presented in Appendix C. For future convenience we shall denote s ±n = s ± t n and
The mean current is
Hence, the conductance is robust against detector backaction as it does not depend on τ . In the limit of no-delay measurement (t n → 0), the measured current follows the (time-dependent) voltage
The correlation function is
for δI = I − I ρ . We are interested in frequency scales of the current fluctuations in the regime ω ≪ τ −1
n . Note, that the scale 1/τ n plays a role of the maximal bandwidth of the detector. This means that the detector instantaneously measures the current, which is a reasonable assumption also in typical experiments.
In this case (see details in the appendix C) the noise measured at the detector contains several contributions and can be written as
The first term is just a Gaussian white noise of the detector, which one would also expect classically. The Fourier transforms of the second term can be written as
with θ n defined by (35) . Therefore, P τ has a frequency dispersion solely determined by the properties of the detector. It is independent of the bias voltage and can, thus, add an unknown contribution to the voltage independent background noise. Note, that it can be also made negligible by a suitable choice of the detector parameters, The third term has the form
Here w(ω) is defined by Eq. (23) . This term is also independent of the bias voltage and can be neglected at sufficiently low temperatures. . Finally the most interesting contribution to the noise is the voltage-dependent part P e , which we can write with the help of (C6) and P e (a, b) = n P n (a, b) as
with Γ n (t) = exp (τ (h n (0) − h n (t))/4) and
Still, this result can be applied to arbitrary frequency after multiplying P n (ω, ω ′ ) by the damping factor e −(ω 2 +ω ′2 )τ 2 n /2 . The noise (42) contains the usual symmetrized quantum noise in agreement with existing results.
4, 34 The factor Γ results from the detector backaction on the current during the measurement on a timescale set by the phenomenological parameter τ . Note that Γ(t → 0) → 1. A high voltage V leads to a strongly oscillating term cos(ϕ), so that P n effectively probes the short time-scale t ∼ /eV . Hence, in the limit of high voltage we can take Γ( /eV ) → 1 and the noise is independent of the detector's backaction. To illustrate this effect more clearly let us take V = const and t n = 0. In this case
In Fourier space we obtain the convolution
Due to the symmetry of Γ(ω) = Γ(−ω) and the fact that Γ −1 n (ω → ∞) vanishes, we can replace Γ −1 n (ω) → 2πδ(ω) at high voltage and get the shot noise P n = R n T n |eV |/π . Let us find the backaction corrections to the shot noise at zero frequency (ω = 0),
For τ ≪ τ n , have
and finally at zero temperature (w(α) = |α|) we get
2 . To illustrate the effect of the backaction due to the detection process we show in Fig. 1 the low-and the high-frequency noise for different detector parameters τ . The upper panel shows that the effect of the detector is strongest for small voltages eV /τ n . We can interpret this as follows: The additional noise added by the detection is dominant as long as the electrons flow with a rate smaller than the inverse interaction time with the detector 1/τ n through the contact. The influence of the backaction becomes negligible if the electrons flow at a higher rate, so that they do not feel the backaction and 
The voltage-dependent noise Pn at dc voltage and zero temperature for zero frequency ω = 0 (a) and a finite frequency ω = 1/τn (b). In both cases the additional noise due to the backaction of the detector leads to drastic changes in the voltage dependence for eV 1/τn. The magnitude of the noise increase depends on the ratio τ /τn. For larger voltages the usual shot noise is recovered.
the full shot noise is recovered. A similar picture holds if the detector is sensitive to the finite-frequency current correlations. The signature of the quantum transport at ω = eV is gradually smeared out if the detector becomes slower, viz. τ τ n . Interestingly, the noise first decreases with a finite voltage. Finally we note, that Fig. 1 shows numerically that the correction is small even at τ ∼ τ n .
A. Many detectors
We can generalize the Kraus operator (28) to the case of many detectorŝ (49) In particular, we take two independent detectors placed on the left and right hand side of the QPC. They are described similarly as in the single detector case, namelŷ
Here we assumed x R > 0 and x L < 0 and g A (x) = e −x 2 /2∆x 2 A / √ 2π∆x A with ∆x A ≪ |x A |. The latter assumption means that the measuring regions of the two detectors do not overlap. We also denote the interaction time of the detector with the electrons as τ An = ∆x A /v n .
The conductance (37) remains unchanged but the noise can be now measured in four different ways. Namely, we can define the four correlators
We shall consider only frequency scales ω ≪ v n /|x A |, so that we can use t n = 0 in all derivations. Then, similarly as in the previous section (details in the appendix C), we obtain expressions for all correlators of the form
Here, P 0 is defined by Eq. (41) with t n = 0. The excess noise P e is defined by Eq. (42), but with
Note that the excess contribution is the same for all correlators and depends on the parameters of both detectors. The voltage independent contributions differ for the auto-correlators and the cross-correlators. We have
where P τ A is defined by (40) with τ = τ A and τ n = τ An and B = L, R for A = R, L, respectively. Finally, for A = B we find
. The possibility to measure several independent correlators has interesting consequences. In the case of a single detector one could in practice measure only the voltagedependent contribution of the noise as the offset noise has generally an unknown value and is subtracted. However, the use of two independent detectors helps to estimate the background noise in the auto-correlation signal. Hence, comparing cross-and auto-correlations we also can get a rough estimate of the offset noise. Furthermore, in the limit τ L,R → 0 we get P LR = P 0 + P e . As P e is independently known from the auto-correlation measurement, we can get information about the voltageindependent part of the noise P 0 .
B. Higher cumulants
Now we consider the effect of our detection scheme on the third and fourth cumulants of the current fluctuations. While these are harder to measure than noise correlations, they contain a tremendous deeper information that the current. It should be noted, that the third cumulant already at zero frequency contains a non-trivial ordering of the current operators 6 and we can expect a similar non-trivial effect of the detection scheme. Quite generally the third and forth cumulants are defined as ABC = δAδBδC , (56) ABCD = δAδBδCδD − δAδB δCδD − δAδC δBδD − δAδD δCδB .
Here δX = X − X are fluctuations of some observable. In the following these will be current fluctuations operators at different times.
We now apply out model of a detector, which is parametrized by a Kraus operator to calculate the cumulants. Unfortunately, the general expressions are too cumbersome to be shown here and we discuss only a limiting case below. Hence, we take the limit |τ n ω|, τ /τ n ≪ 1, where ω describes relevant frequency scale of the measurement. In this case the only effect of the detector is a large white Gaussian offset noise 1/τ . It only adds as a constant to the second cumulant, while higher cumulants are unaffected.
The derivation of the third cumulant is given in the appendix D. The result for C 3 (a, b, c) = I(a)I(b)I(c) is
where the summation is over all permutations of the set abc. At zero flight time and either zero temperature and frequency or tunneling limit only the first term survives. The last part contains the so-called noise susceptibility
generalized here to an arbitrary time-dependence of the bias. The result (57) in the limit of zero flight time has a somewhat simpler form than the existing results. 24 The identification of the noise susceptibility in the third cumulant has important consequences on its detection. A general detector, which is equivalent to an electromagnetic environment, and weakly coupled here, gives corrections to (57) of the form 8-10,27
Here P (α, β; s) = δP (α, β)/δV (s) is the noise susceptibility. The function b 0 represents the influence of environmental noise and b 1 is the voltage-dependent feedback of the environment due to the noise of the system. They can in principle be modeled by an effective electric circuit. In practice, the precise environmental circuit is not known, and the functions are determined by fitting some model environment.
27
An important case in practice is a constant bias voltage, V = const. The expressions for the noise susceptibility and the third cumulant are simplified considerably. The noise susceptibility turns out to be
The noise susceptibility is shown in Fig. 2 for different temperatures. In all cases, it preserves the symmetry α ↔ ±β. At zero temperature, a non-analyticity occurs along lines |eV / | = |α|, |β|, which is smeared out at increasing temperatures. The third cumulant also becomes much simpler. Due to the relation C 3 (α, β, ω) = 2πδ(α + β + ω)C 3 (α, β), it effectively depends only on the frequencies α and β. The delta function imposes the constraint α + β + ω = 0 so only two of the three frequencies are independent. The cumulant is hence symmetric under changes α, β ↔ ω = −α − β. In the following expressions, we either use two independent arguments (α,β) or three constrained (α,β,ω). For a negligible flight time |α|, |β|, |ω| ≪ t −1 n we haveC
where we sum over permutations of the constrained set αβω . The temperature-dependence is encoded in a single universal function F , which does not depend on the channel transparency. In agreement with previous results 24, 25 we find at zero temperature
(62) The zero-frequency limit is of course
The frequency dependence of the function F is plotted in Fig. 3 . The form of the plot is motivated by the symmetry of arguments and the constraint α + β + ω = 0. However, experimentally a verification of the full frequency dependence is a desirable challenge. Eq. (41) was only an additional offset noise, independent of bias voltage. In the case of the third cumulant the terms, which depend on the flight time, depend on voltage, see Eq. (57). For ω, ω
n we get
so the cumulant drops to zero at large frequencies, contrary to the zero flight time case, where it stays nonzero and proportional to eV . The recent experiment 27 does not show any reduction of the third cumulant at high frequency, so the frequency scale defined by the flight time must still be beyond experimental reach. However, there is an environmental correction of a similar magnitude. We will continue the discussion of the third cumulant in Sec. IV.
Lastly, the fourth cumulant can be evaluated in the similar way. Here we present only the result at eV = 0,
where we perform summation over all permutations of the set ω 1 , . . . , ω 4 . Due to hyperbolic identities, for t n = 0 it reduces to
which agrees with existing results at small reflection or transmission. 24 One can in principle use this method to find analytic expressions for cumulants of any order, which is beyond the scope of this work.
C. Tunneling and transparent limit
In some limits the generating function S[χ] can be evaluated exactly. For τ → 0, we can make the separation
where S[χ, φ] is defined by (C4). We are particularly interested in the tunneling limit T n ≪ 1 and the transparent limit R n ≪ 1 up to terms of the first order in T n (R n ). 24 With help of appendix E, we get for R n ≪ 1
and for T n ≪ 1 (tunneling limit),
Here, N denotes the number of modes,
is the generating functional of Gaussian vacuum fluctuations and
.
The arguments depend on the transmission (reflection) probabilities and are defined by 2χ An (t) = χ(t −n ) + ǫ A χ(t +n ), ǫ R/T = +/−. The kernel in the exponent is defined as
One can see that the most significant effect of the flight times in the tunneling limit is Gaussian noise S 0 that is growing with distance from the contact. This is because χ T (t) = χ(t − ) − χ(t + ) vanishes at zero flight time but for large flight times the two parts will become independent and not cancel each other. The noise saturates to the same equilibrium value as in the transparent limit. We stress again, however, that there is no experimental evidence of reaching that timescale so far. The nonGaussian part S An remains small as it is proportional to A n .
In the limit of a vanishing flight time t n = 0 the above formula for the tunneling case simplifies to
with w and ϕ defined by (23) and (43), respectively. It is tempting to interpret the last result in terms of a counting statistics. Namely, we might identify terms e ±iχ(t) and e ±iχ(t)/2±iχ(t ′ )/2 with a quasi-charge transfer of ±e at t and (±e/2, ±e/2) at (t, t ′ ), respectively. The fact, that in this expression half-integer charges appear has probably a similar origin as the half-integer charge, which appears in resonant tunneling. [36] [37] [38] [39] Hence, interpreted as a quasi-Poissonian distribution we may identify "probabilities" according to
By comparing Eq. (73) to Eq. (72) we can read off the transfer "probability" per unit time. These take the form
Unfortunately, these rates can be negative, so they cannot be interpreted as a probability. Only a combination of p σ and p σσ ′ would make sense, which actually happens in usual full counting statistics -valid at long times. 6 Hence, the generating function (72) itself does not correspond to a measurable probability. Only after convolution with the Gaussian detection noise we get a real probability.
IV. QUANTUM TAPE
In section III we have introduced a measurement protocol by means of Kraus operators. Here we go further and want to find a quantum detector that is coupled to a source and registers the time dependence of the source. Our aim is make a quantum tape that translates time dependence into spatial dependence. The tape interacts with the system at a fixed point in space. Then the tape moves far from the point of interaction with the source and afterwards the projection (reading) is applied.
Our quantum tape will be a linear quantum wire or equivalently a massless Josephson transmission line. In this description we have the joint Hamiltonian of the detector and the system
The bosonic operators satisfy (see also the fermionic representation in appendix F) We used here time units for the Hilbert space of the detector (Fermi velocity v d = 1). The functions λ and f n define the coupling between the detector and the system. Their arguments are in time units and should be nonzero only on one side of the junction. In principle it should be the total charge, i.e. f n (s) = θ(s), but we have to allow finite range of the coupling. The setup is depicted in Fig. 4 . We also define Heisenberg operatorsÂ
We define the auxiliary current operator
Now, performing a spatially resolved measurement of I(s, t) at s ≫ 0 (beyond the support of λ(s)) we get the probability density functional
The generating functional S[χ] = ln e iχ(s)Ĩ(s−t)ds/e in the limit of weak coupling (neglecting terms O[χλ 2 ]) will be given by (see appendix F)
(81) The convolution in the arguments is defined as (a * λ)(ω) = a(ω)λ(ω),χ(ω) = −iωχ(ω). and
Here we used the interaction picture, in whichÂ
′ /i . We get the expected detection picture -the measured signalĨ(ω) is proportional to λ(ω)I 0 (ω) withÎ 0 (t) = dQ(t)/dt = i[Ĥ 0 (t),Q 0 (t)]/ . The contribution from I 0 is much weaker (λ ≪ 1) than the internal Gaussian noise of the detector -the last term in (81). To evaluate (82), we can apply the FCS formalism developed in Sec. III and App. A forĤ I = dx nQn (x)V sn (x, t) with the bias
The averages measured at the detector are a combination of its own noise, the noise of the system and the response of the system due to the detector. The average
It contains a voltage independent contribution
where w(ω) = ω coth( ω/2k B T 0 ). The second part is
The excess noise -i.e. the voltage-dependent part of C 2 -is contained in (86). Note that this result is valid for an arbitrary time-dependent bias voltage. In the limit of weak coupling, viz. g n ≪ 1, we can take Γ(t) ≃ 1 and the excess noise agrees with the symmetrized quantum noise. 4, 34 It is a tiny contribution on top of a huge background noise P (ω). The background noise is also seen in experiments but it cannot be distinguished from the amplifier's noise. Measurements of the voltage dependence reveal only the excess noise. 13, 14 In the limit of strong coupling, g n ≫ 1, the noise is heavily affected by the detector's backaction. The excess noise is affected through Γ(t) > 1 and gets a significant correction, similar to that in Sec. III, which vanishes for high voltage since Γ(t → 0) = 1.
The situation is different for the third cumulant. In the limit of weak coupling we keep only terms to the lowest order in g n , which gives n TnV /h, we took |Ω| ≪ (ω, eV / ) and assumed a mode-independent coupling g = gn. Note that Re q ≤ 0 at ϑ = 0 and q = 0 at kBT d = 0.
for the susceptibility P n (α, β; s) defined by (58), q n (ω) = e iϑn(ω) [1 − w d (ω)/w(ω)] and ϑ n (ω) = −2 arg g n (ω). The inner summation runs over all permutations of the set 123. Note that q n leads to corrections that are indistinguishable from the influence of an environment described by (59) (up to factors g n ). The detection dependent part g n (ω)(q n (ω) − 1)/ from (87) can be effectively absorbed into b 0 in (59). Hence, the detector can be interpreted as an example of some environment.
Another interesting observation is that all cumulants, except the first term in (85), vanish at equilibrium between detector and the system, namely for eV = 0 and
On the other hand it is obvious because no information transfer is possible at equilibrium as the entropy is already maximized. An efficient detector cannot be in equilibrium with the measured system. Let us finally consider two limiting cases. Analogously to (61) and (62), for k B T 0 = 0 and Ω ≪ (ω, |eV |/ ) we get from (87)
This result is plotted for different q n in Fig. 5 in the tunneling limit, T n ≪ 1. We see, that q n induces a step in C 3 for eV = ω. For arbitrary k B T 0 and |ω k | ≪ |eV |/ , we havē
with F (0, 0) given by (63) in agreement with the environmental correction. 10 We see, that the behavior of the third cumulant is different from the noise. Even in the weak coupling limit it may get a significant quantum correction due to the detector.
A. Many tapes
We have seen in Eq.(81) that the outcome of the measurement is always correlated with fluctuations in the tape as the second argument ofS is non-zero. This can be avoided by means of many tapes, namelŷ
(90) with
We also redefinễ
The resulting generating function (F11) has the new form in the limit of weak coupling,
The results for the cumulants differ from the single tape case as follows. In the definition of g n below (84) we have to replace λ → c λ c . In (85) we change the first term w d → c w c . We also change w d → c λ c w c / c λ c in the second line of (85) and the definition of q n below (87). This change makes in principle arbitrarily large q n (positive or negative) possible even at ϑ n = 0. On the other hand a simple model of environment 10 can give effectively q n ≤ 1 when comparing (87) and (59), while the case q n > 1 has been observed in the recent experiment.
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The latter suggests that the actual detection scheme or model of environment is more complicated.
Let us consider a very special case of tapes at high temperatures 1/λ c τ ≫ k B T c / ≫ 1/τ , where τ is a certain time resolution so that the measurable range of frequencies is |τ ω| ≪ 1. If c λ c k B T c = 0 (but c λ c = 0) then we can write
so that the system-detector correlation cancels (0 in the second argument ofS). The detector model becomes then classical while still gaining quantum information. Such a situation is close to the POVM model from Sec. III in the limit of weak coupling because the detector's noise (last term in (94)) becomes white and decouples from the system's signal.
V. CONCLUSIONS
We have presented detection models of time-resolved quantum detection of current in mesoscopic junction. One can make the measurement by means of either a partial projection (Kraus operator -POVM) or a full projection on a weakly coupled transmission line -quantum tape. It is difficult to separate the backaction of the detector from the signal of the system. Nevertheless, the generality of the presented method makes it applicable to a wide range of types of measurement.
Applied to a quantum point contact, both models give the expected expressions for current and noise if the background noise is subtracted. The voltage-dependent part of the noise is independent of the detector in the weak coupling limit. On the other hand, the third cumulant may contain significant voltage-dependent corrections even in the weak coupling limit. The correction is indistinguishable from the effect of the environment. Hence, the high frequency measurement in mesoscopic junctions always contains a detection-dependent contribution. Experimentally, an independent determination of the coupling parameters would help to distinguish between the effects of the detection process and the environmental backaction.
We have also derived an analytical tool to calculate frequency-dependent cumulants for a mesoscopic junction with energy-independent transmission. An important result is to identify the noise susceptibility in the expression for the third cumulant at high frequency. The method works well both in time and frequency domain and can be extended to other complicated correlations.
scattering matrix. One of the possible regularizations of (8) is
(A1) with the function z n (x) → q n θ(x). For |k n x| ≪ 1, the wave eigenfunctions satisfy
We can change variables x → z(x),
which gives the solution
By taking ψ Ln (z n = q n ) = 0,ψ Rn (z n = 0) = 1, we get
The phase factor int n is completely irrelevant in our approximation. However, it can be added by a constant, symmetric bias potential. For the future convenience we shall use a little different regularization of the second term in (8), namely
(A6) It givest n = cos(q n / ) andr n = i sin(q n / ). The regularized Hamiltonian (12) takes the form
To derive (14) and (15), we recall the standard bosonization scheme for a 1D system of noninteracting fermions.
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Let us defineψ
We assume that the excitations of the Fermi sea are finite in the sense that levels deep below and high above the Fermi level are always occupied and empty, respectively. This leads tô
when acting on the density matrix standing to the right of these operators. Next we construct the operatorŝ
The last operator needs to be regularized aŝ
where g(q) = 1 for |q| ≪ Λ and g(q) → 0 for q ≫ Λ, with Λ denoting some cutoff larger than all relevant wave scales. Then
Hence,
For |q|, |k|, |k ′ | ≪ Λ the above expression gives zero because g(q + k ′ ) = g(q + k). Also for |q| ≫ Λ, it zero due to q(q) = 0. For q ∼ −Λ we get again zero due to (A9). The only nonzero terms come from q ∼ Λ. We can use here also (A9) but only after changing the order of the operatorsψ andψ † . The net contribution is the anticommutator for q > 0. Hence,
In the last line we used the fact that g(q) = 1 for q, k ≪ Λ. By taking the Fourier transform we get
where D = (∂ t − ∂ s ) and V ± (x, t) = V (x, t) ± V (−x, t). In particular for s < 0 I 1n (s, t) = (T n − R n )Î 1n (t s )
+ e 4π ∂ s (Φ n (s, t) − 2R n Φ n (t s )) − 2 R n T nĴ Φ n (t s ) withĴ Φ n (s) =Î 2n (s) cos Φ n (s) −Î 3n (s) sin Φ n (s).
The great advantage of the above equations is that the Heisenberg current operators can be represented by combinations of equilibrium operators. The same applies to averages and facilitates the calculation of higher cumulants.
Appendix C
To evaluate the noise correction due to the detetctor in the POVM model we employ the the formalism developed previously. We have to perform a number of path integrals to find the final analytical expressions for the noise. We start by splitting Eq. (29) into two partŝ
I out Rn (t) = dx g(x + x R ) Î 0n (x n , t) −Î 1n (x n , t) ,
I
in Rn (t) = dx g(x − x R ) −Î 0n (x n , t) −Î 1n (x n , t) , with x n = x/v n . To simplify (34) 
with θ n defined by (35) . Next, to find the noise (39), we need the help of the relation 
